We present an extended finite element (FE) approach for the simulation of slow-rate frictional faulting in geologic media incorporating bulk plasticity and variable friction. The method allows the fault to pass through the interior of FEs without remeshing. The extended FE algorithm for frictional faulting, advocated in two recent articles, emanates from a variational equation formulated in terms of the relative displacement on the fault. In the present paper we consider the combined effects of bulk plasticity and variable friction in a two-dimensional plane strain setting. Bulk plasticity is localized to the fault tip and could potentially be used as a predictor for the initiation and propagation of new faults. We utilize a variable velocity-and state-dependent friction, known as the Dieterich-Ruina or 'slowness' law, formulated in a slip-weakening format. The slip-weakening/variable friction model is then time-integrated according to the generalized trapezoidal rule. We present numerical examples demonstrating the convergence properties of a global Newton-based iterative scheme, as well as illustrate some interesting properties of the variable friction model.
INTRODUCTION
Simulation of frictional faulting with the finite element (FE) method is one of the most challenging problems in computational mechanics. Faults are not simply frictional contacts of bare rock surfaces; they are usually lined with wear detritus, called cataclasite or fault gouge [1, 2] . The 1537 During the initial stage of slip instability a fault zone experiences slip-weakening where the sliding strength on the fault decreases from a certain peak level to a certain residual value. For intact or relatively undamaged rocks, the peak resistance may consist of frictional and cohesive components along potential sliding surfaces, whereas for previously faulted rocks the peak resistance may consist primarily of frictional components. Borja and Foster [34] described the complex interplay between cohesive softening and friction hardening during the narrow time window of slip weakening in a general 3D state of stress. They also inferred the general 3D slip-weakening model to the experimental measurements and simplified (to certain stress configurations) models of [35] [36] [37] [38] [39] [40] . Slip weakening introduces an additional nonlinearity to the governing field equations as it bridges two distinct deformation states in the faulting process. Furthermore, as the term 'weakening' suggests, the deformation process involves loss of strength, or softening, which could lead to numerical instability.
Bulk plasticity usually occurs around the fault tip where strain concentrates. No material can withstand an infinite stress, so yielding is expected where stress exceeds the yield value, and this usually occurs around the fault tip. Irwin [41, 42] argued that the occurrence of plasticity around the tip makes a crack behave as if it was longer than its actual size since plastic deformation causes the displacements to increase and the stiffness to decrease relative to the elastic case. Dugdale [43] and Barenblatt [44] employed similar approaches of considering an effective crack that is longer than the original physical crack to determine the extent of the yield zone, whereas Bilby et al. [45] later investigated the spread of plastic yield zone from a notch. Recent advances in computational plasticity, along with strong discontinuity kinematics, allow the detection of plastic deformation not only around the fault tip but also on the sliding part of the fault itself. Foster et al. [21] used strong discontinuity analysis based on the assumed enhanced strain formulation and attributed the occurrence of bulk plasticity on the sliding part of a fault to locking induced by the more constrained kinematics in a curved fault. Sanz et al. [46, 47] utilized large deformation contact mechanics to infer the occurrence of plasticity and strain localization around the fault tip underneath an asymmetric anticline as well as to regions much farther away in front of the fault tip.
A pressing challenge concerns the ability of an FE algorithm to handle extreme nonlinearities arising from combined effects of strong discontinuity enhancements, bulk plasticity, slip weakening, and variable friction. Foster et al. [21] show that an enhanced FE framework for strong discontinuity based on assumed enhanced strain can handle such combined nonlinearities in the simulation of prototype boundary-value problems. The present paper aims to build upon the results of this previous work and demonstrate that a framework based on the extended FE method can handle extreme nonlinearities just as well. We limit the scope of this paper, however, to deformationcontrolled simulations in the presence of slip weakening. Arc-length type iterative algorithms [48] may be better suited for load-driven problems in the presence of softening, which is not covered in the present work.
MECHANICAL PROCESSES AND CONSTITUTIVE LAWS
Faulting involves highly complex mechanical processes including nucleation, weakening, slip propagation, and frictional sliding. The constitutive laws are equally complex, particularly those governing fault tip deformation and the variable friction law. This section outlines the mechanical processes and associated constitutive laws relevant for triggering a preexisting fault. Fault nucleation 1538 F. LIU AND R. I. BORJA and criteria for propagating new faults are not included in this paper and will be addressed in the future work.
Rate-and state-dependent friction law
Laboratory tests on rough contacting surfaces sliding past each other strongly suggest the dependence of the coefficient of friction on rate of sliding as well as on a state variable reflecting the maturity of contact. For slow rate of sliding (on the order of microns per second), the constitutive law for that is currently in best agreement with experimental data is the Dieterich-Ruina friction law [30] [31] [32] , expressed as
where V is the slip speed, is a state variable, and A, B, * , V * , and * are material parameters. Two of these material parameters (typically V * and * ) can be assigned arbitrary values since they only serve as normalizing constants. The state variable is linked to the changing set of frictional contacts and wear on the material, and evolves according to the equatioṅ
where D c is a material parameter often referred to as the 'characteristic sliding distance' required to replace a contact population representative of a previous sliding condition with a contact population created under a new sliding condition [31] . For seismic faulting, D c is the critical slip distance over which strength breaks down during earthquake nucleation [7] . Obviously, this characteristic distance scales with the problem analyzed (whether it be a meter-scale fracture or a kilometer-scale fault). The physical significance of the constitutive law (1) is depicted in Figure 1 . At a constant sliding velocity V 1 , the coefficient of friction is 1 . After a velocity time stepping to a higher velocity V 2 , the coefficient of friction instantaneously increases by an amount A ln(V 2 /V 1 ), and then decreases by an amount B ln(V 2 /V 1 ) for a net decrease of (A − B) ln(V 2 /V 1 ). Typically B>A, so a stepping to a faster speed results in net decrease in the coefficient of friction. The reverse is true for a stepping to a slower slip speed, i.e. the coefficient of friction instantaneously decreases first but Figure 1 . Variation of coefficient of friction in a velocity stepping test (V 2 >V 1 ). stabilizes to a higher value than the initial one prior to velocity stepping, for a net increase in the coefficient of friction. Also shown in Figure 1 is the characteristic slip D c required to form a new contact population consistent with new velocity V 2 . Logarithmic functions generate a singularity when the argument is zero, and this is also true with constitutive law (1) . However, by interpreting frictional resistance as a rate process, logarithmic functions can be regularized to accommodate zero slip speed. In this case, the constitutive law (1) can be rewritten as
The above equation predicts = 0 when V = 0, implying statistically, forward and backward jumps in a rate process cancel when there is no directional energy. Therefore, constitutive law (3) can be viewed as the complete Arrhenius equation with forward and backward jumps in a rate process, whereas Equation (1) can be considered as a truncated version of the Arrhenius equation considering forward jumps only [49] [50] [51] . By using the regularized form, the coefficient of friction can be quantified even in the regime of negligible slip speeds (such as in the neighborhood of an emerging fault).
Slip weakening
The concept of slip weakening leading to a rate-and state-dependent friction was motivated by the cohesive zone models for tensile fracture developed by Barenblatt [44] , Dugdale [43] , and Bilby et al. [45] , and extended to the shear fracture problem by Ida [35] and Palmer and Rice [52] . To understand better this process we consider a rock through which a fracture is nucleating and propagating, as shown in Figure 2 . At the rupture point we assume that fault slip begins to accumulate, as defined by the integral
where the integration is taken over the slip path, see Figure 2 (a). Figure 2 (b) shows the resolved nominal shear stress t T decaying to a residual state value away from the tip of a propagating fault, where the cumulative slip has exceeded a value * ≈ 0.5 mm for most rocks [39] . Figure 3 further depicts this narrow region of slip weakening [35] , in which t T decreases either linearly or nonlinearly with (Figures 3(a) and (b), respectively). The shaded area G II represents the shear fracture energy that has been correlated by many authors with the magnitude of an earthquake.
The slip-weakening law may be written in the linear form
where t N and t T are normal and shear components of traction on the fault plane, respectively, and c and are the cohesion and coefficient of friction on the same plane, respectively. Witḣ = V denoting the slip speed on the fault and˙ = 0 during fault nucleation, = 0 initially and the initial shear resistance is therefore purely cohesive. As slip accumulates the coefficient of friction quickly increases according to the regularized friction law (3), while the cohesion c decays to zero. At the conclusion of slip weakening, the cohesion is zero and the shear resistance becomes purely frictional. The normal component t N could vary during the slip-weakening process, and Figure 3 . Slip-weakening models for rocks during fault nucleation: (a) linear slip weakening resulting from a combined cohesion softening-friction hardening on an emerging fault and (b) nonlinear slip weakening. Shaded area G II represents shear fracture energy that has been correlated with the magnitude of an earthquake for seismic faulting, see Ida [35] . since t T depends on t N through the coefficient of friction , a linear slip-weakening law such as the one depicted in Figure 3 (a) is not trivially recovered from (5). Borja and Foster [34] proposed a continuum mathematical model for slip weakening that is valid for any three-dimensional state of stress, including that characterizing a variable t N . Assuming the shear resistance on the fault is purely frictional and the slip-weakening constitutive law is linear, an 'effective yield function' can be written in the form
where = 0 describes a linear slip weakening for a constant t N . However, the condition = 0 is not a trivial linear constraint to impose since t * N is unknown during the slip-weakening process. A first-order approximation may be obtained by assuming t * N ≈ t N [34] , in which case (6) reduces to the form
This equation predicts a nonlinear slip weakening similar to Figure 3 (b) for the case of a variable t N (concave downwards or upwards depending on whether t N decreases or increases during slip weakening), and recovers a linear slip weakening for the case of a constant t N , see [21, 34] for further details.
Bulk plasticity
Damage surrounding a fault is produced by bulk plasticity. In particular, bulk plasticity in front of and surrounding a fault tip is responsible for fault extension and propagation. Bulk plasticity is not limited to the fault tip region, however. Depending on the relative yield strength of the host rock and the frictional resistance on the fault, plastic deformation can propagate outwards, causing the fault gouge to thicken as the fault continues to slide. Also, depending on loading condition, plastic deformation at distances much farther away from a preexisting fault can nucleate and rupture a new fault.
Computational plasticity has matured considerably over the last two decades (see the current advances in the book computational plasticity edited by Oñate and Owen [54] ) that inclusion of bulk plasticity into the extended FE framework can now be done with relative ease, even for the case of frictional faulting [8, 15] . Obviously, the level of complexity of the solution depends very much on the plasticity model itself-highly elaborate yield functions and flow rules can contribute significantly to computational difficulty. In this paper we limit the plasticity model to (isotropic) functions of the first two stress invariants only. In general, these functions are sufficient to describe the constitutive responses of cohesive-frictional materials, including plastic dilatancy and compaction. Brittle faulting and cataclastic flow instabilities in rocks [53, 55] generally require a three-invariant constitutive formulation [56] [57] [58] . These more elaborate plasticity models will be considered in the future work so as not to digress too much from the focus of the present paper (i.e. frictional sliding).
FINITE ELEMENT EQUATIONS
This section focuses on the implementation of the variable friction law in the framework of the extended FE formulation. We recall briefly the definitions of problem domain and boundaries and refer the readers to [8, 15] for details of the variational formulation leading to the extended FE matrix equations. 
Problem definition
Consider a body bounded by boundary and cut by a fault S shown in Figure 4 . Fault tips may lie either on the exterior boundary or in the interior of . The displacement field u is discontinuous on the fault according to the equation
where u and M S (x) u are the continuous and discontinuous parts of u, respectively. The scalar function M S (x) generates the discontinuity on the fault, and is given by the equation
where H S (x) is a Heaviside function defined by
and f h (x) is any arbitrary smooth function that satisfies the requirements f h = 0 on S h − , and
serves as its compact support. Assuming infinitesimal deformation, the small strain tensor can be written as
where ∇ s is the symmetric spatial gradient operator, (·) s denotes the symmetric part of the tensor, S is the Dirac delta distribution function, and n is the unit normal vector to S and pointing toward h + . Without loss of generality we assume quasi-static loading and write the linear momentum balance equations as follows:
where r is the Cauchy stress tensor, f is the body force vector, t is the traction vector acting on external surface boundary t , and m is the unit normal vector to t . The above equations are 1543 augmented with the following conditions on the fault:
where S − and S + are sides of the fault taken to belong in h − and h + , respectively. Outside h we assume a rate-independent elastoplastic constitutive relation between r and e of the form r = r(e), x ∈ \ h (16) Rate-dependent constitutive relations, such as elasto-viscoplasticity, can also be accommodated by the formulation although we shall limit this work to the rate-independent case. However, bulk deformation of any point in h is coupled with the relative displacement on the fault, so in this case the stress tensor r could also depend on the strain rate tensorė through the velocity-dependent coefficient of friction, i.e.
Consider a 2D plane strain condition and write the gap function g N and relative slip g T on the fault as
where
is the relative displacement on the fault, n and m are unit normal and tangent vectors, and is slip on the fault. We define normal and tangent components of the traction vector on the fault as
Following the self-contact algorithm proposed in [8, 15] , contact condition on the fault is imposed in the normal direction through the Kuhn-Tucker relations
The criteria for stick-slip may be cast in the framework of classical plasticity theory through the yield function 0 of the form
The above yield function encompasses the regimes of slip weakening (first line) and residual sliding (second line). Variable friction law is given by the regularized constitutive equation
1544 F. LIU AND R. I. BORJA along with the following evolution of the state variable :
In principle, Equations (23) and (24) can be solved simultaneously to eliminate one variable, and for our purpose we shall eliminate the state variable and retain the coefficient of friction . Separate Kuhn-Tucker relations can be written to describe stick-slip conditionṡ 0, 0,˙ = 0 (25)
Extended FE equations and time integration
The variational formulation for the model problem is presented in [8, 15] and will not be repeated here. Suffice it to say that the formulation consists of regular and enhancement parts capable of accommodating the propagation of frictional fault through the interior of FEs. The variational formulation differs from that of [11] in that frictional faulting is formulated in terms of the relative displacement u on the fault, rather than the actual displacements u + and u − of each side of the fault, see (19) . Thus, the formulation accommodates far more complex friction laws such as the one considered in this paper. Let d denote the unknown regular nodal displacement vector and a the vector of nodal displacement enhancements. They define the continuous and discontinuous displacement fields through the interpolations u = Nd, M S u = Na (26) where N and N are regular and enhanced shape function matrices, respectively (see [8, 15] ). The vector a is used in the extended FE solution as global enrichments to accommodate displacement discontinuities, and is determined along with the regular displacement vector d in one simultaneous global equation solve. In the extended FE method two sets of FE equations must be solved simultaneously. The first is the equilibrium equation without a discontinuity,
and B = ∇ s N. Dependence of r on a andȧ holds true only in the subdomain h . The second set of FE equations pertains to the enhancements in h and takes the form
and B = ∇ s N. The surface integral G INT arises from the displacement discontinuity on the fault and depends only on the vectorsȧ and a, but not on d. This surface integral accounts for the slip-weakening equation and variable friction law on the fault through the traction vector t S − . For a constant coefficient of friction, the FE equations do not depend onȧ. We now assume that d n ,ȧ n , and a n are given converged nodal solution vectors from the previous time step. The problem is to find d n+1 ,ȧ n+1 , and a n+1 such that
This resembles a system of first-order ordinary differential equations that can be time-integrated using the generalized trapezoidal family of methods. Time integration is required only on the vector a and takes the form
where t is the time increment and ∈[0, 1] is the time integration parameter (Crank-Nicolson if = 1 2 , backward implicit if = 1, etc.). Equation (36) can be used to eliminateȧ n+1 , and thus express (34) and (35) in terms of d n+1 and a n+1 alone.
Introducing the operator N on (36) and noting that the displacement jump on S is 'M S (x S ) u(x S )( = u(x S ), we get
Contracting with m and using the second of (18) gives the local time integration algorithm for slip,
The above time-integrated form for slip permits a local time-marching scheme for the variable friction law. To solve the coupled nonlinear problem we write (34) and (35) in residual form, dropping subscripts 'n +1' for brevity
Newton's method can be used to solve this equation, which requires evaluating the consistent tangent operator
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In the equations above, D is the algorithmic tangent operator of Simo and Taylor [59] for bulk plasticity, while
is the algorithmic tangent operator for fault-plane plasticity. In general, both D and E are nonsymmetric matrices.
Local time integration for the variable friction law
Consider the regularized form of 'slowness' law imposed at time t n+1 :
and˙
For future use we shall also impose the state evolution Equation (44) at time t n aṡ
Our objective is to eliminate one of the independent variables (i.e. n+1 ) and express the coefficient of friction n+1 in terms of slip n+1 alone. Dropping subscript 'n +1' once again for brevity, the time-integrated Equation (38) can be rewritten as˙
In this equation we rule out the forward Euler scheme ( = 0) since it does not possess desirable stability and accuracy properties anyway. Next, we multiply (44) by t and (45) by (1− ) t and add the results to get 
Both˙ and are now functions of , so the coefficient of friction is now expressed in terms of slip alone. For future use, we also obtain the derivative ( ) from successively applying the chain rule:
Penalty method and derivatives
Without loss of generality, we shall assume a 2D plane strain representation of the prototype problem in what follows (see [8, 15] for the more general 3D formulation). Consider the following expression for the traction vector on the fault:
Thus, we obtain the tangent operator E as
In [8, 15] it was shown that the penalty method can be used to enforce contact and slip conditions with sufficient accuracy in the context of the extended FE method. Contact condition (21) can be enforced in the approximate sense through a constitutive equation for the normal component of traction vector of the form
where N 1 is a penalty parameter analogous to a normal spring constant. Thus, from (18) we get
Stick condition,˙ = 0 and <0 in (25) , can also be enforced in the approximate sense by a similar penalty approach. Consider the following rate constitutive law for the tangential component of traction:ṫ
where T 1 is a penalty parameter analogous to a tangential spring constant. Note thatġ T can only equal˙ in the limit as T approaches infinity. The incremental version is easily derived as
where u = u− u n and = − n . Hence, for stick condition where = 0 we get On the other hand, for slip condition = 0, and so we get the derivative
The rest of the formulation boils down to the evaluation of the derivative * /* u under a slip condition. Slip condition,˙ >0 and = 0 in (25) , could activate one of two possible yield functions depending on whether the fault undergoes slip weakening or residual sliding. We consider these two cases separately below. 
We can imagine the scalar r as a residual function of for a given u, i.e. r =r ( ). We thus want to determine such that r ( ) = 0. For a constant coefficient of friction this equation readily yields a closed-form solution for . However, for the variable friction model this closed-form solution is not available, and an iterative scheme must be employed. Using Newton's method, we evaluate the Jacobian
where ( ) is given by (50) . The Newton iteration begins with an initial estimate 0 = n , and iterative updates are carried out of the form k+1
For future use we evaluate the derivative of r with respect to u at the locally converged state 
Again, we want to determine slip such that r ( ) = 0. Performing the same Newton iteration requires evaluating the Jacobian
and the same updates can be carried out as in Case 1. Furthermore, at the locally converged state, we have
Irrespective of whether the fault undergoes slip weakening or residual sliding, r ( , u) = 0 at the locally converged state. Therefore, we can extract the derivative of this function with respect to u at the locally converged stress state as follows:
We recall that *r/* = −A( ) at the locally converged state. Hence,
Remark That the contact and slip conditions are satisfied only in an approximate sense with the penalty method implies that slip is no longer exactly equal to u·m, see (18) 2 . Hence, the local timemarching scheme for with the generalized trapezoidal rule no longer corresponds to the same global time-marching scheme for the nodal enhancement vector a, see, for example, the developments of Section 3.2. Nevertheless, this result is not critical since the extended FE formulation only involves the nodal values of displacements, d and a, and not their rates.
NUMERICAL SIMULATIONS
We consider four examples in this section to demonstrate important features of the variable friction model and the performance of the algorithm. All examples pertain to plane strain condition with infinitesimal deformation.
Sliding of a pre-fractured granite block
This example consists of a 1 m×1 m granite block discretized into 18 constant strain triangular (CST) elements, with a horizontal discontinuity inserted in the middle of the mesh as shown in Figure 5 . The upper block was sheared relative to the lower block, mimicking the experiment for granite with a #60 surface subjected to a 15 MPa normal stress [33] . The same experimental curve was earlier reproduced by Foster et al. [21] using the assumed enhanced strain FE formulation; here we used the same parameters along with the extended FE simulation. The slip speed began at V 1 = 10 −5 m/s for 2 s, increased to V 2 = 10 −4 m/s for 2 s, and finally decreased back to V 3 = 10 −5 m/s for 2 s. Time increment used in the simulation is t = 0.002 s and the total relative displacement is 0.24 mm after 6 s. The material properties used in the simulation are listed in Table I . The solution captures the variation in the coefficient of friction as shown in Figure 6 . As slip speed is increased, we see the characteristic spike and subsequent drop to a lower steady-state value. Similarly, when the slip speed is decreased, the coefficient of friction dips and subsequently rises to a new, higher value. For comparison, we also computed the coefficient of friction directly from the numerical integration of the 'slowness' law presented in Section 3.3, and the results are shown in Table II . From Table II , we see that the calculated coefficients of friction are not significantly affected by the values of the penalty parameters. On a related note, Dieterich and Kilgore [33] showed that the coefficient of friction for the same material decreased by 10% when a 1 mm gouge was inserted between the crack. . Deformed mesh for pre-fractured granite block (displacement magnified 1000 times). Horizontal failure surface passes halfway through the middle elements, which were divided into subtriangles for integration. 
Plane strain compression of a fractured block
We next consider a rectangular block with a discontinuity oriented at 60 • to the horizontal line shown in Figure 7 . The FE mesh consists of 1024 CST elements and 561 nodes and was compressed vertically by prescribing a uniform downward displacement on top. The top and bottom boundaries were assumed smooth. The material parameters are listed in Table III . We assume that the continuum is an elastoplastic material yielding according to a nonassociated Drucker-Prager plasticity model, while the interface possessed initial cohesive strength, in addition to frictional strength developing with time, as defined by the Mohr-Coulomb failure criterion. In addition, a pressure of 250 MPa was applied on the vertical faces of the sample before applying the vertical compression so as to develop the full frictional strength of the interface. The results of the simulation are shown in Figure 8 . The specimen behaves elastically in the beginning, then begins to yield when the vertical compression reaches around 0.5 mm. At a vertical displacement of around 0.8 mm the initial strength of the crack is reached, triggering a slip-weakening mechanism in which the initial cohesion of the interface decreases to zero as the full frictional strength picks up over a characteristic distance of * = 0.5 mm. To demonstrate the properties of the state variable friction model at post-failure, we added a velocity jump to the simulation. The initial rate of vertical compression is 0.866 m/s, which is equivalent to a slip speed of˙ = 1.0 m/s at steady state. The initial coefficient of friction is thus equal to * from Table III . The rate of compression was then increased 10 times, resulting in an initial jump up and subsequent decrease of the coefficient of friction at steady state.
Contours of vertical displacement and bulk plastic strain at the conclusion of the simulation (when the vertical compression was around 3 mm) are shown in Figure 9 . Note that plastic deformation is quite pronounced near the interface. This suggests that where the strength of the interface is comparable to the yield strength of the continuum, the crack thickness could potentially grow. The mechanism is similar to the thickening of a fault gouge, which can be more closely simulated by performing a bifurcation analysis on the yielded zone adjacent to the existing crack. We did not perform such a bifurcation analysis in this example. 
Square elastoplastic block with an internal crack
The FE mesh consists of 5000 cross-diagonal CST elements defined by 2601 nodes shown in Figure 10 . The domain has in-plane dimensions of 1 m×1 m (square) and contains a crack 0.566 m long oriented at 45 • relative to the horizontal. In order for the crack to not intersect the nodes, the tips were specified at coordinates (0.29999,0.29998) and (0.70002,0.70001) m. Again, the standard procedure of introducing more Gauss points in the vicinity of the crack was employed. The material parameters are the same as those listed in Table III except that we used bulk plasticity parameters A = 8.0 MPa and B = b = 1.0. The body was deformed by applying a uniform vertical compression at the top while allowing the top and the bottom nodes to move horizontally (smooth boundaries). We assumed that the crack could slide but the crack tip may not advance. The rate of vertical compression was prescribed at 10 m/s until a final vertical compression of 3 mm was reached. Figure 11 shows the contour of vertical displacement at the last time step. Figure 12 suggests that bulk plasticity is localized around the crack tips, a similar result to that reported by Liu and Borja [15] for a crack with a constant coefficient of friction. Figure 13 portrays the effect of slip weakening on the load-displacement responses. Note that the vertical force versus vertical displacement curve at a compression rate of 10 m/s is closer to the curve corresponding to a constant cohesion c = 30 MPa before weakening, and to a constant cohesion c = 0 MPa curve after weakening. To demonstrate the effect of the loading rate on the vertical force versus vertical displacement responses, we considered the loading rate of 1.0 m/s for reference and plot the differences in responses for various rates of loading in Figure 14 . Since the coefficient of friction decreases with slip speed, the vertical force reaction also decreases as the rate of loading increases, and this is reflected as negative differences in Figure 14 . Finally, Figure 15 shows the convergence profile of Newton iterations clearly demonstrating the efficacy and efficiency of the iterative technique.
Curved crack under compressive loading
The final example is a 'miniature' version of the kilometer-scale model presented by Sanz et al. [46] for faulting and folding processes in geological structure. In the present example we considered a 1m×0.5 m rectangular block with a curved frictional crack defined by 4900 CST elements and 2556 nodes shown in Figure 16 . The elastoplastic block material has the same properties as those used in Example 3. A total horizontal compression of 3 mm was applied at the rate of 10 m/s, assuming the vertical sides to be smooth. Because of the imposed uniform horizontal compression, there was no relative slip on the crack near the left vertical face. Furthermore, since the crack is curved the slip rate varied spatially throughout the fracture zone. It thus follows that the post-failure yield criterion also varied spatially throughout the crack, with some portion of the crack undergoing residual sliding while the rest were still undergoing slip weakening. Figure 17 shows the contour of cumulative plastic strain indicating that bulk plasticity concentrated around the crack tip. Some minor plastic deformation also was observed in the region of maximum curvature where the crack transitioned from horizontal to inclined positions. 
SUMMARY AND CONCLUSIONS
We have presented an extended FE framework for frictional faulting considering the combined effects of bulk plasticity and variable friction in a 2D plane strain setting. Under the assumption of infinitesimal deformation, we have implemented a regularized velocity-and state-dependent friction law that is currently in best agreement with experimental data for a variety of rocks, glass, acrylic plastic, and other frictional materials with bare surfaces at contact and rubbing against each other. The goal of the work was to formulate a robust framework that can eventually be used for modeling faulting in geological media. Bulk plasticity has been included in the formulation since it could potentially trigger fault rupture and extension as plastic yielding concentrates around the fault tip. However, numerical examples have also demonstrated that bulk plasticity could be responsible for increasing the thickness of the fault gouge in situations where the frictional strength of the fault is comparable to the yield strength of the host rock. The Dieterich-Ruina friction law implemented in this work is valid for slow rate of sliding (on the order of microns per second), whereas actual seismic faulting could involve slip speeds that are several orders of magnitude faster. Geophysical insight into seismic faulting strongly suggests that the actual values of coefficient of friction could be much smaller than those measured in the laboratory [1, [60] [61] [62] . Furthermore, earthquake fault mechanisms could involve flash heating, fluid flow, and other highly complicated mechanisms not covered in the proposed framework. Nevertheless, the extended FE framework proposed in this paper shows great promise in handling some if not most of these complex mechanisms. This is demonstrated by the fact that the 'slowness' friction law considered in this paper involves exponential terms that are complex enough to challenge any robust nonlinear equation solver, yet the Newton iteration advocated in this work still delivered optimal performance. We thus believe that the proposed framework can be readily extended to accommodate other more complex faulting mechanisms not considered in this work.
